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Abstract. We construct the precise boundary trace of positive solutions of 
Au = u q in a smooth bounded domain Q C R", for q in the super-critical 
case q > (jV + 1)/(N — 1). The construction is performed in the framework of 
the fine topology associated with the Bessel capacity C2/ q . q ' on dQ.. We prove 
that the boundary trace is a Borel measure (in general unbounded), which 
is outer regular and essentially absolutely continuous relative to this capac- 
ity. We provide a necessary and sufficient condition for such measures to be 
the boundary trace of a positive solution and prove that the corresponding 
generalized boundary value problem is well-posed in the class of cr-moderate 
solutions. 



1. Introduction 

In this paper we present a theory of boundary trace of positive solutions of the 
equation 

(1.1) -Au+\u\ q - 1 u = 

in a bounded domain C M. N of class C 2 . A function u is a solution if u £ L q oc (il) 
and the equation holds in the distribution sense. 

Semilinear elliptic equations with absorption, of which l|l.lfl is one of the most 
important, have been intensively studied in the last 30 years. The foundation 
for these studies can be found in the pioneering work of Brezis starting with his 
joint research with Bcnilan in the 70's [2], and followed by a series of works with 
colleagues and students, up to the present. 

In the subcritical case, 1 < q < q c = (N + 1)/(N — 1), the boundary trace 
theory and the associated boundary value problem, are well understood. This 
theory has been developed, in parallel, by two different methods: one based on a 
probabilistic approach (see [111 |5l |5] , Dynkin's book [3] and the references therein) 
and the other purely analytic (see |13l 1141 115)1 . In 1997 Le Gall showed that this 
theory is not appropriate for the supercritical case because, in this case, there 
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may be infinitely many solutions with the same boundary trace. Following this 
observation, a theory of 'fine' trace was introduced by Dynkin and Kuznetsov pT|. 
Their results demonstrated that, for q < 2, the fine trace theory is satisfactory in 
the family of so-called cr-moderate solutions. A few years later Mselati |17| used 
this theory and other results of Dynkin 3 , in combination with the Brownian 
snake method developed by Le Gall |12l . in order to show that, in the case q = 2 
all positive solutions are cr-moderate. Shortly thereafter Marcus and Veron [16] 
proved that, for all q > q c and every compact set K C dfl, the maximal solution of 
(11.11) vanishing outside K is cr-moderate. Their proof was based on the derivation 
of sharp capacitary estimates for the maximal solution. In continuation, Dynkin [4] 
used Mselati's (probabilistic) approach and the results of Marcus and Veron [16] 
to show that, in the case q < 2, all positive solutions are er-moderate. For q > 2 
the problem remains open. 

Our definition of boundary trace is based on the fine topology associated with 
the Bessel capacity C2/ q . q > on dCl, denoted by T g . The presentation requires some 
notation. 

Notation 1.1. 

a: For every x G M. N and every /3 > put p{x) :- 

n p = {x e n : P [x) < /?}, n' = n\n , 

b: There exists a positive number (3q such that, 

(1.2) Vx G fift, 3! a(x) G dfl : dist (x, a{x)) = p{x). 

If (as we assume) f2 is of class C 2 and f3 is sufficiently small, the mapping 
x i ► (p(x) 7 a(x)) is a C 2 diffeomorphism of Clp onto (0, (3 ) x 5f2. 
c: If Q C dn put S^(Q) = {x e T,p : a(x) G Q}. 

d: If Q is a 3^-open subset of d£l and u G C(9S1) we denote by ui the 
solution of 1(1 in with boundary data h — ux Sfj{A) on 

Recall that a solution u is moderate if |u| is dominated by a harmonic function. 
When this is the case, u possesses a boundary trace (denoted by tr u) given by a 
bounded Borel measure. The boundary trace is attained in the sense of weak con- 
vergence, as in the case of positive harmonic functions (see [13] and the references 
therein). If tr u happens to be absolutely continuous relative to Hausdorff (TV — 1)- 
dimcnsional measure on dtt we refer to its density / as the L 1 boundary trace of u 
and write tru = / (which should be seen as an abbreviation for tru = /dH w _ 1 ). 

A positive solution u is cr-moderate if there exists an increasing sequence of 
moderate solutions {ti„} such that u n f u. This notion was introduced by Dynkin 
and Kuznetsov [7j (see also [9] and |3])- 

If /i is a bounded Borel measure on <9f2, the problem 

(1.3) -An + u q = in n, u = p on dn 

possesses a (unique) solution if and only if p vanishes on sets of -capacity 
zero, (see |15| and the references therein). The solution is denoted by u M . 

The set of positive solutions of 1 (1.1(1 in will be denoted by U(il). It is well 
known that this set is compact in the topology of C(f2), i.e., relative to local uniform 
convergence in f2. 

Our first result displays a dichotomy which is the basis for our definition of 
boundary trace. 



dist (x, <9f2) and 
S/3 = dQ' . 
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Theorem 1.1. Let u be a positive solution of (| 1 - 1|> and let £ € dfl. Then, 
either, for every T q -open neighborhood Q of we have 



(1.4) lim / udS = oo 



or there exists a % q -open neighborhood Q of £ such that 



(1.5) lim / udS < oo. 

The first case occurs if and only if 

(1.6) / u q p{x)dx = oo, £> = (0, /?o) x Q 
Jd 

for every % q -open neighborhood Q of 

A point £ £ cT2 is called a singular point of u in the first case, i.e. when p. 4(1 
holds, and a regular point of u in the second case. The set of singular points is 
denoted by S(u) and its complement in dft by lZ(u). 

Our next result provides additional information on the behavior of solutions 
near the regular boundary set lZ(u). 

Theorem 1.2. The set of regular points 7Z(u) is % q -open and there exists a 
non-negative Borel measure /i on dtt possessing the following properties. 

(i) For every a G IZ(u) there exist a H q -open neighborhood Q of a and a moderate 
solution w such that 

(1.7) Q C 1Z(u), fi(Q) < oo, 
and 

(1.8) Ug — > w locally uniformly in Q , (trw)x Q — HXq- 

(ii) /i is outer regular relative to % q . 

Based on these results we define the precise boundary trace of u by 

(1.9) tr c u = (p,S(u)). 

Thus a trace is represented by a couple (fi, S), where S C dfl is T 9 -closed and 
fj, is an outer regular measure relative to T g which is T g -locally finite on 1Z = 
dCl\S. However, not every couple of this type is a trace. A necessary and sufficient 
condition for such a couple to be a trace is provided in Theorem 15. 161 

The trace can also be represented by a Borel measure v defined as follows: 

'/j,(A) ]£Acn(u), 
oo otherwise, 

for every Borel set A c dil. We put 

(1.11) tru:=ZA 

This measure has the following properties: 

(i) It is outer regular relative to T q . 

(ii) It is essentially absolutely continuous relative to C 2 / gi9 ', i.e., for every T g -open 
set Q and every Borel set A such that C 2 / q , q '{A) = 0, 

v{Q)=v{Q\A). 



(1.10) v(A) = 
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The second property will be denoted by v -<-< C%i aa i. It implies that, if 

/ 

v{Q \ A) < oo then v(Q ni) = 0. In particular, v is absolutely continuous relative 
to C^iq.qi on Tg-open sets on which it is bounded. 

A positive Borel measure possessing properties (i) and (ii) will be called a 
q-perfect measure. The space of q-perfect measures will be denoted by M 9 (9f2). 

We have the following necessary and sufficient condition for existence: 

Theorem 1.3. Let v be a positive Borel measure on dQ, possibly unbounded. 
The boundary value problem 

(1.12) -Au + u q = 0, u>0infl, tr (u) = v on dfl 

possesses a solution if and only if v is q-perfect. When this condition holds, a 
solution of l|1.12|l is given by 

(1.13) U = v®Uf, v — sup{u zyXQ : Q E 
where 

T v :={Q: Q q-open, v{Q) < oo}, G := \J Q, F = dil\G 

and Uf is the maximal solution vanishing on dfl \ F. 
Finally we establish the following uniqueness result. 

Theorem 1.4. Let is be a q-perfect measure on dtt. Then the solution U of 
problem (|1.12|) defined by (|1.13f) is a-moderate and it is the maximal solution with 
boundary trace v. Furthermore, the solution of <|1.12f> is unique in the class of 
a-moderate solutions. 

For q c < q < 2, results similar to those stated in the last two theorems, were 
obtained by Dynkin and Kuznetsov |J] and Kuznetsov |5| , based on their definition 
of fine trace. However, by their results, the prescribed trace is attained only up 
to equivalence, i.e., up to a set of capacity zero. By the present results, the solu- 
tion attains precisely the prescribed trace and this holds for all values of q in the 
supercritical range. The relation between the Dynkin-Kuznctsov definition (which 
is used in a probabilistic formulation) and the definition presented here, is not yet 
clear. 

The plan of the paper is as follows: 

Section 2 presents results on the C2/ 9 . 9 '-fine topology which, for brevity, is called 
the q-topology. 

Section 3 deals with the concept of maximal solutions which vanish on the boundary 
outside a q-closed set. Included here is a sharp estimate for these solutions, based 
on the capacitary estimates developed by the authors in 16 . In particular we 
prove that the maximal solutions are cr-moderate. This was established in 16 for 
solutions vanishing on the boundary outside a compact set. 

Section 4 is devoted to the problem of localization of solutions in terms of boundary 
behavior. Localization methods are of crucial importance in the study of trace and 
the associated boundary value problems. The development of these methods is 
particularly subtle in the supercritical case. 

Section 5 presents the concept of precise trace and studies it, firstly on the regular 
boundary set, secondly in the case of cr-moderate solutions and finally in the general 
case. This section contains the proofs of the theorems stated above: Theorem ll.il 
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is a consequence of Theorem 15.71 Theorem 11.21 is a consequence of Theorem 15.111 
Theorem 1 1.31 is a consequence of Theorem 15 . 1 61 ( see the remark following the proof 
of the latter theorem). Finally Theorem II. 41 is contained in Theorem 15. 161 

2. The g-fine topology 

A basic ingredient in our study is the fine topology associated with a Bessel 
capacity on (N — l)-dimensional smooth manifolds. The theory of fine topology 
associated with the Bessel capacity C a . p in M. N essentially requires < ap < N 
(see [2 Chapter 6] ) . In this paper we are interested in the fine topology associated 
with the capacity C 2 / q , q ' in M^ -1 or on the boundary manifold <9S! of a smooth 
bounded domain Q, € K. . We assume that q is in the supercritical range for Ijl.lfl . 
i.e., q > q c = (N + 1)/(N - 1). Thus 2q'/q = 2/(q — 1) < N — 1. We shall refer to 
the (2/g, g')-fine topology briefly as the g-topology. 

An important concept related to this topology is the (2/g, g')-quasi topology. 
We shall refer to it as the g-quasi topology. For definition and details see [2 
Section 6.1-4]. 

We say that a subset of dft is g-open (resp. g-closed) if it is open (resp. closed) 
in the g-topology on d£l. The terms g-quasi open and (/-quasi closed are understood 
in an analogous manner. 

Notation 2.1. Let A, B be subsets of K^^ 1 or of dVL. 

q 

a: A is q-essentially contained in B, denoted A C B, if 

C 2M (A\B)=0. 

b: The sets A, B are g-equivalent, denoted A ~ B 7 if 

C 2M (AAB) = 0. 

c: The g-fine closure of a set A is denoted by A. The g-fine interior of A is 
denoted by A°. 

d: Given e > 0, A e denotes the intersection of IR^^ 1 (or 9f2) with the e- 

neighborhood of A in R N . 
e: The set of (2 /q,q') -thick (or briefly g-thick) points of A is denoted by 

b q (A). The set of (2/q, g')-thin (or briefly g-thin) points of A is denoted 

by e q (A), (for definition see ^ Def. 6.3.7]). 
Remark. If A C <9ft and B := dil \ A then 

(2.1) A is g-open <^=> A C e q (B), B is g-closcd b q (B) C B. 
Consequently 

(2.2) A = Aub q (A), A° = Ane q (dn\A), 
(see P Section 6.4].) 

The capacity C2/ q , q > possesses the Kellogg property, namely, 

(2.3) C 2/q . q ,(A\b q (A))=0, 
(see pQ Cor. 6.3.17]). Therefore 

(2.4) A c b q (A) £ A 

but, in general, b q (A) does not contain A. The Kellog property and (|2.1I) implies: 
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Proposition 2.1. (i) If Q is a q-open set then Q :— e g (<9f2 \ Q) is the largest 
q-open set that is q-equivalent to Q. 

(ii) If F is a q-closed set then F = b q (F) is the smallest q-closed set that is q- 
equivalent to F . 

We collect below several facts concerning the q-fine topology that are used 
throughout the paper. 

Proposition 2.2. Let q c — (N + 1)/(N - 1) < q. 

i: Every q-closed set is q-quasi closed [2 Prop. 6.4.13]. 
ii: If E is q-quasi closed then E ~ E 1. Prop. 6.4.12]. 

iii: A set E is q-quasi closed if and only if there exists a sequence {E rn } of 

compact subsets of E such that C 2 i qq i(E \ E rn ) — > |T| Prop. 6.4.9]. 
iv: There exists a constant c such that, for every set E, 

C 2M (E)<cC 2M (E), 

see pQ Prop. 6.4.11]. 

v: If E is q-quasi closed and F ~ E then F is q-quasi closed. 
vi: If {Ei} is an increasing sequence of arbitrary sets then 

C 2 / g ,g'(U£;) = lim C 2/q ^{E l ). 

I — ► oo 

vii: If {Ki} is a decreasing sequence of compact sets then 
C 2 / q , q '(nKi) = lim C 2/q>q ,(Ki). 

viii: Every Suslin set and, in particular, every Borel set E satisfies 
C 2 / q , q >{E) = sup{C 2 / q ^(K) : K C E , K compact} 
= in£{C 2/q<q ,(G) : E C G, G open}. 

For the last three statements see [2 Sec. 2.3]. Statement (v) is an easy con- 
sequence of [2 Prop. 6.4.9]. However note that this assertion is no longer valid 
if 'g-quasi closed' is replaced by 'enclosed'. Only the following weaker statement 
holds: 

// E is q-closed and A is a set such that C 2 /q iq > (A) — then E U A is q-closed. 

Definition 2.3. Let E be a quasi closed set. An increasing sequence {E m } of 
compact subsets of E such that C 2 / q q i{E \ E m ) — > is called a q- stratification of 
E. 

(i) We say that {E m } is a proper q- stratification of E if 
(2-5) C 2 /q,q>{E m+1 \E m ) < 2~ m ~ 1 C 2 / qs '{E). 

(ii) Let {e m } be a strictly decreasing sequence of positive numbers converging to 
zero such that 

(2.6) C 2/q<q , (G m+1 \ G m ) < 2- m C 2/q , q , (E), G m := U^ =1 ^ fc . 

The sequence {e m } is called a q-proper sequence. 

(iii) If V is a q-open set such that C 2 / q ^ q i(E \ V) = we say that V is a q-quasi 
neighborhood of E. 

Remark. Observe that G := U^ 1 El k is a q-open neighborhood of E' = UE m but, 
in general, only a q-quasi neighborhood of E. 
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Lemma 2.4. Let E be a q-closed set such that C-2/ q!q t(E) > 0. Then: 

(i) Let D be an open set such that Cii q , q '(E \ D) = 0. Then E n D is q-quasi 
closed and consequently there exists a proper q- stratification of E D D, say {E m }. 
Furthermore, there exists a q-proper sequence {e m } such that 

G=U^(£ m ) f »Cfl 

and 

(2.7) UE rn =E'cOcOcD where O := U^ =1 (^ m ) £m/2 . 
Consequently 

(2.8) E CO CO C D. 

q 

(ii) If D is a q-open set such that E C D then there exists a q-open set O such that 
(|2~%|) holds. 

Proof. If A\,A 2 are two sets such that A\ ~ A 2 and Ai is g-quasi closed then 
A 2 is g-quasi closed, (see the discussion of the quasi topology in jQ sec. 6.4]). Since 
EflD~£ and E is g-closed it follows that E n D is g-quasi closed. Let {£",„,} be 
a proper g-stratification of E fl -D and put £" = U^ =1 _E m . If £7' is a closed set the 
remaining part of assertion (i) is trivial. Therefore we assume that E' is not closed 
and that 

C2/q,q>{E m +l \ E m ) > 0. 

To prove the first statement we construct the sequence {£m}m=i inductively so that 
(with Eq = and eo = 1) the following conditions are satisfied: 

(2.9) F m := E m \ (£ TO _i)* 6 "'- 1 , C 2M (F m ) > 0, 



(2.10) C 2 j q q i{Ffn ) < 2C2/ q , q '(E m \ E m -l), Fm™ C D, 

(2.11) e m <e m _i/2, m=l,2,.... 
Choose < €i < 1/2, sufficiently small so that 

(ZD, C 2/q ^(E 2 \El l/2 )>0. 

This is possible because our assumption implies that there exists a compact subset 
of E 2 \ E\ of positive capacity. By induction we obtain 

(2.12) ^cCi'uecB 

and consequently 

(2.13) m=l,2,.... 
Since F m C E m , l|2.13|) implies that 

(2.14) G := ur =1 ^ fc = U^f, G m := U^ =1 ^ = Ujg^*. 

The sequence {e m } constructed above satisfies 12.61 Indeed, by l]2.5fl . I|2.10[l and 
(EH, 

OO 

(2.15) C 2M {G\G m )< J] C 2/q , q ,(F^) 



OO 

<2 ^ C 2/M ,(S fe \^-i)<2- m+1 G 2/(?i(? ,(i?). 

fc— m+1 
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Next we show that the set 



O' := U^El k/2 

is g-quasiclosed. By Ij2.13|l . 



(2.16) O' = UT=iK k '\ 0' m := UT =1 Ei k/2 = ^ =1 Fl k/2 . 

Hence, by (J23J and lj2~Tt))) . 



(2.17) C 2/M ,(0'\0^)< J2 C 2M (F^ /2 )<2-^C 2M (E). 

k=m-\-l 

Since is closed this implies that O' is quasiclosed. Further any quasiclosed set 
is equivalent to its fine closure. Since O C O' it follows that O C O' ~ C C G. 
We turn to the proof of (ii) for which we need the following: 

Assertion 1. Let D be a g-open set. Then there exists a sequence of relatively 
open sets {A n } such that 

(2.18) D n :=D\J A n is open, C 2/m> (A n ) < 2~ n , I n+1 C A n . 

The sequence is constructed inductively. Let D[ be an open set such that 
D C D[ and = D[\D satisfies C 2 / q , q >(A' 1 ) < 1/4. Let Ai be an open set such 
that A[ C and C 2 / q , q >{Ai) < 1/2. Assume that we constructed {A' k Yl~ l and 
{AkYi~ l so ^at the sets Ak are open, (|2.18() holds and 

D' k = DU A' k is open, {-Dfc}" -1 is decreasing, 

(2 '' ,,! C 2/q . q ,{A' k )<2-^ 1 \ A' k cA k . 

Let D' n be an open set such that 

D c £>; C a 2/g ^,(i;j < 2~(" +1 ) where A' n = D' n \ D. 

Then A' n C and consequently A' n C A n _i. Since j4„_i is open, statement (i) 

implies that there exists an open set A n such that 

A' n C A„ CI„C A„_l, C 2 /g,g'(i„) < 2"". 

This completes the proof of the assertion. 

Let A n and D n be as in (|2.18|) . By (i) there exists a g-open set Q such that 

Put 

Q„ := Q \ (u'r 1 ^ \ 4h-i). Qoo = Q\ (uf(ifc \ ^fc+i)- 

Then Q„ is a g-open set and we claim that 

a: Qoo is quasi open, 

b: EC Q n C A», 

c: Q„ C D n U (U?a,Ai) 
Since Q„ is g-open, a follows from l|2.18[l which implies: 

Qoo U (U~(I* \ A fc+1 ) = Q„, C 2/m ,((U»(1* \ A fc+1 ) < 2"- 1 . 
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We verify b, c by induction. Put Q\ = Q so that b, c hold for n = 1. If b holds 
for n = 1, • • • , j then, 

<2j'+i = Qj \ (4? \ EcQjC Dj, 

which implies b for n — j + 1. If c holds for n = 1, • • • , J then, 



6+i 



C g, \ (A, \ cDU QJ&Ai) U = D j+1 U (U{ +1 9,A 4 ), 



so that c holds for n = j + 1. 

Taking the limit in b as n — ► oo we obtain 

EcQ^cD. 
Taking the limit in c as n — > cxd we obtain 

QooCDU {uTdqAt). 

However, by the same token, 

QooCDu (u^d.A,) Vfc e N. 

Therefore, by J23H}, Qoo C D. Thus (ii) holds with = Q 03 . □ 

Lemma 2.5. Let E be a q-closed set and let T> be a cover of E consisting of q- 
open sets. Then, for every e > there exists an open set O e such that C2/q } q'{O fL ) < 
e and E \O e is covered by a finite subfamily of T>. 

PROOF. By Sec. 6.5.11] the (a,p)-fine topology possesses the quasi Lindelof 
property. Thus there exists a denumerable subfamily of 2?, say {D n }, such that 

O = U{D :DeV}~ UD n . 

Let O n be an open set containing D n such that C 2 /, M '(0„ \ D n ) < e/(2"3). Let K 
be a compact subset of E n (UfD n ) such that C 2 / q , q > (E\K) < e/3. Then {O n } is 
an open cover of K so that there exists a finite subcover of K, say {Oi, • • • , Ok}- 
It follows that 

C Vq . q > (E \ U k n=1 D n ) < C 2/q , q , (E\K)+Y^ C 2M (O n \ D n ) < 2e/3. 

n 

Let O e be an open subset of <9f2 such that E \ U n=1 D n C O e and C 2 j q q i (O e ) < e. 
This set has the properties stated in the lemma. □ 

Lemma 2.6. ( a) Let E be a q-quasi closed set and {E rn } a proper q- stratification 
for E. Then there exists a decreasing sequence of open sets {Qj} such that UE m := 
E' C Qj for every j £ N and 

(2 20) (*) nQj = E', Qi+iCQi, 

(ii) lim C 2 / q . q ' (Q 3 ) = C 2 / q , q > (E) . 

(b) If A is a q-open set, there exists a decreasing sequence of open sets }A m } such 
that 

(2.21) AcnA m =:A', C 2/q , q > (A m \ A 1 ) -> 0, A I A'. 
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Furthermore there exists an increasing sequence of closed sets {Fj} such that Fj C 
A' and 

(2 22) (*) UF j = A', Fj C Fj +1 —: 

(«) C<2/ q , q >{Fj) — > C 2 / 9)9 /(v4) 

Proof, (a) Let {e m } be a sequence of positive numbers decreasing to zero 
satisfying l|2.6[l . Put 

Qy.= U™ =1 (E m y™/ 2 \ 

Then £' = nQ^ and 



(2.23) Qj C := U£ =1 .Eft ,/!W C Qj-i. 

Indeed is quasi closed so that Q' 3 ~ . This proves H2.20J) (i) ■ 

If D is a neighborhood of E' then, for every k there exists jfe such that 

Therefore, 

<W(Qj \ D) < C w (Qj \ U k m=1 (E m y™/ 23 ) < 2~ k+1 C 2M (E) Vj > j k . 
Hence 

(2.24) C 2/m ,(Qj \D)^0 as j oo. 

Let {Di} be a decreasing sequence of open neighborhoods of E' such that 

C2/q,q'{Di) -> C 2 / q , q '(E'). 

By <|2.24[1 . for every i there exists > i such that 

(2.25) C 2/ q ,q'(Qj(i) \ Di) ->• as i -» oo. 
It follows that 

C 2/q ,q>(E') < limC 2/M /(Q J(i) ) < UmC 2/q , q ,(Di) = C 2/q>q ,(E') = C 2/q , q ,{E). 
This proves (|2~2"U|) (ii). 

(b) Put E = dn \ A and let {E m } and {e m } be as in (a). Then fFTfy holds with 
A m :— dQ, \ E m . In addition, (|2.22I) (T) with Fj := d£l \ Qj is a consequence of 

CEZB(i). 

To verify (|2.22l) (ii) we observe that, if if is a compact subset of A' then, by 
(l2~2ll) . 

Let {Ki] be an increasing sequence of compact subsets of A' such that 

C 2 / q , q <{Ki) t C2/ q> qi{A') = C 2 /q,q'{A). 

As in part (a), for every i there exists j(i) > i such that 

(2.26) C 2/g<g ,(Ki \ F m ) -> as i -» oo. 
It follows that 

C 2M (A') > \imC 2/q>q ,{F m ) > limC 2/9 ^(Xi) = C2/ q , q >{A') = C 2/q<q ,(A). 
This proves (|2~2ll (ii). □ 
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Lemma 2.7. Let Q be a q-open set. Then, for every £ € Q, there exists a q-open 
set Q(- such that 

£ e Q ( c Q ( c Q. 

Proof. By definition, every point in Q is a g-thin point of Eq = dVl \ Q. 
Assume that diamQ < 1 and put: 

r n = 2~ n , K n = {a : r n+1 < \a - £| < r n }, E n := E Q n K n D Bi(£). 

Thus E n is a g-closed set; we denote E = \J^ =0 E n . Since £ is a g-thin point of E, 

oo 

J2( r -^+mi-i)c 2/qtq ,(B n nE)y- 1 < oo, B n = B r „(£), 
o 

which is equivalent to 



^(r/^/^ 1 )^,^))'- 1 <oo. 





Let {£ m? „}^ =1 be a g-proper stratification of E n . Let e™ := {em,n}m=i be a 
g-proper sequence (relative to the above stratification) such that ei iTJ 6 (0, r n +2) 
and 

< 2G 2/g , g ,(U£„) where V n := U» =1 %" nB^f). 

Then V„ C i"f„-2 \ K n+2 , £ is a g-thin point of the set G = Ujf 14 and £ ^ G. 
Consequently £ G. 

Put 

Z„ := U^ =1 i?^„"^ 2 n B 1 / 2 (£), F := U^°Z„. 

Since Z„ C 14 it follows that £ is a g-thin point of Fq and £ g 1 Fq. Consequently 
Qo '■= (Q H -Bi/2(£)) \ -Pb is a g-open subset of Q such that 

£ e Qo, Qo c (Q n b 1/2 (0) \ f c (Q n B 1/2 (0) \E cQ. 

□ 



3. Maximal solutions 

We consider positive solutions of the equation with g > g c , in a bounded 
domain C l w of class G 2 . A function u € L* oc (Sl) is a subsolution (resp. 
supersolution) of the equation if — Au+ lu^^u < (resp. > 0) in the distribution 
sense. 

If u G Ll oc {yi) is a subsolution of the equation then (by Kato's inequality [S]) 
A|u| > \u\ q . Thus |u| is subharmonic and consequently u £ Lf£ c (n). If u G L* oc (f2) 
is a solution then u € G 2 (il). 

An increasing sequence of bounded domains of class G 2 , {^4}, such that fi„ "f f2 
and f4 C f4+i is called an exhaustive sequence relative to f2. 

Proposition 3.1. Let it be a non-negative function in Lf£ c (£l). 

(i) If u is a subsolution of i|l.lfl . there exists a minimal solution v dominating u, 
i.e., u < v < U for any solution U > u. 

(ii) If u is a supersolution of (jl. 1(1 . there exists a maximal solution w dominated 
by u, i.e., V < w < u for any solution V < u. 

All the inequalities above are a.e. . 
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PROOF. Let u t = J e u where J e is a smoothing operator and u is extended by 
zero outside Q. Put u — lim e ^o Ue (the limit exists a.e. in Q and u = u a.e.). Let 
(3o, Q/3, Y^p etc. be as in Notation 1.1. Since u t — > u in it follows that 

it e | — > u\ in L 1 (E^) 

for a.e./? G (0, (3q). Choose a sequence {/3 ra } decreasing to zero such that the above 
convergence holds for each surface £„ := E/3„. Put D n := 0^. Assuming that u 
is a subsolution of 1(1.1(1 in fi, it e is a subsolution of the boundary value problem 
for 1(1 m -Dn with boundary data u e | . Consequently u is a subsolution of the 

boundary value problem for ((1.1(1 in _D„ with boundary data u\ G L 1 (E n ). (Here 

we use the assumption it £ L^ c (f2) in order to ensure that u q — > m 9 in iy / 1 oc (il).) 
Let v n denote the solution of this boundary value problem in the L 1 sense: 

-Av n + v% = in D n , v n — u on £„. 

Then v n E C 2 (D n ) n L oa (D n ), v n < \\u\\ LOO , D ^ and the boundary data is assumed 
in the L 1 sense. Clearly u < v n in D n , n=l,2,... . In particular, v n < on 
£„. This implies v n < v n+ i in D n . In addition, by the Keller-Osserman inequality 
the sequence {v n } is eventually bounded in every compact subset of Q. Therefore 
v = lim v n is the solution with the properties stated in (i) . 

Next assume that it is a supersolution and let {D n } be as above. Since u <E 
L q (D n ) there exists a positive solution w n of the boundary value problem 

—Aw = u q in D n , w = on E n . 

Hence u + w n is superharmonic and its boundary trace is precisely u| . Conse- 
quently u + w n > z n where z n is the harmonic function in D n with boundary data 
u| s . Thus u n :— z n -ui„ is the smallest solution of ((1.1(1 in D n dominating u. This 

implies that {u n } decreases and the limiting solution U is the smallest solution of 
((1.1(1 dominating u in fi. □ 

Proposition 3.2. Let u,v be non-negative, locally bounded functions in f2. 

(i) If u,v are subsolutions (resp. super solutions) then max(«, o) is a subsolution 
(resp. min(u,i>) is a supersolution). 

(ii) Ifu,v are supers olutions then u + v is a supersolution. 

(Hi) If u is a subsolution and v a supersolution then (u — v)+ is a subsolution. 

Proof. The first two statements are well known; they can be verified by an 
application of Kato's inequality. The third statement is verified in a similar way: 

A(u — v) + = sigii-)-(u — v)A(u — v) > (u q — v q )+ > (u — v) q + . 

□ 

Notation 3.1. Let it, v be non- negative, locally bounded functions in Q. 

(a) If u is a subsolution, [u]j denotes the smallest solution dominating u. 

(b) If u is a supersolution, \uy denotes the largest solution dominated by u. 

(c) If u, v are subsolutions then uV v [max(zi, 

(d) If u, v are supersolutions then u A v :— [inf (it, i>)]t and u © v := [u + vy. 

(e) If it is a subsolution and v a supersolution then u v := [(u — i | )+]f . 
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The following result was proved in [2] (see also pS Sec. 8.5]). 

Proposition 3.3. (i) Let {uk} be a sequence of positive, continuous subsolu- 
tions of (| 1 - 1 11 - Then U := supufc is a subsolution. The statement remains valid if 
subsolution is replaced by super solution and sup by inf. 

(ii) Let T be a family of positive solutions of Ijl.ljl . Suppose that, for every pair 
ui,U2 £ T , there exists v £ T such that 

max(wi,U2) < v, resp. min(ui,U2) > V. 

Then there exists a monotone sequence {«„} in T such that 

u n | supT, resp. u n J. supT. 

Thus supT (resp. inf T) is a solution. 

Definition 3.4. A solution u of (f 1 . 1 1> vanishes on a relatively open set Q c dft 
if u £ C(f2 U Q) and it = on Q. A positive solution u vanishes on a q-open set 
A c dfl if 

u = sup{w £ : v < u, v — on some relatively open neighborhood of A}. 

When this is the case we write u « 0. 

A 

Lemma 3.5. Let A be a q-open subset of dtt and ui,U2 £ U(il). 

(a) If both solutions vanish on A then u\ V ui ~ 0. If ui « anrf u\ < «2 i/ien 

A A 

Ml « 0. 

A 

(b) If u £ and u ~ i/ien t/iere exists an increasing sequence of solutions 

{u n } C U(fl), each of which vanishes on a relatively open neighborhood of A (which 
may depend on n) such that u n ] u. 

(c) If A, A 1 are q-open sets, A ~ A' and u w i/ien u w 0. 

Proof. The first assertion follows easily from the definition. Thus the set 
of solutions {v} described in the definition is closed with respect to the binary 
operator V. Therefore, by Proposition E3 the supremum of this set is the limit of 
an increasing sequence of elements of this set. 

The last statement is obvious. □ 

Definition 3.6. (a) Let u £ U(Q) and let A denote the union of all q-open 
sets on which u vanishes. Then dtt \ A is called the fine boundary support of u, to 
be denoted by supp g^u. 

(b) For any Borel set E we denote 

U E = sup{u £ W(fi) : u w 0, E c = dQ \ E}. 

E" 

Thus U E = U E . 

Lemma 3.7. (i) Let A be a q-open subset of dfl and {u n } C U(fl) a sequence 
of solutions vanishing on A. If {u n } converges then u = limit n vanishes on A. In 
particular, if E is Borel, Ue vanishes outside E. 

(ii) Let E be a Borel set such that C^iq^iEi) =0. If u £ 14(d) and u vanishes on 
every q-open subset of E c = dfl \ E then u = 0. In particular, Ue = 0. 

(Hi) If {A n } is a sequence of Borel subsets of dfl such that C2/q t q>(A n ) — > then 



14 



MOSHE MARCUS AND LAURENT VERON 



PROOF, (i) Using Lemma [3.51 we find that, in proving the first assertion, we 
may assume that {u n } is increasing. Now we can produce an increasing sequence 
of solutions {w n } such that, for each n, w n vanishes on some (open) neighborhood 
of A and limw„ = limu„. By definition lim w n vanishes on A. 

Let E be a g-closed set. By Lemma[<nja) and Proposition ^. 31 there exists an 
increasing sequence of solutions {u n } vanishing outside E such that Ue = hmu„. 
Therefore Ue vanishes outside E. 

(ii) Let A n be open sets such that E c A n , A n J. and C 2 / q ^(A n ) — > 0. The 
sets A n have the same properties and, by assumption, u vanishes in {A n ) c :— 
dQ \ A n . Therefore, for each n, there exists a solution w n which vanishes on an 
open neighborhood B n of {A n ) c such that w n < u and w n — > u. Hence w n <Uk^ 
where K n = B n is compact and K n C A n . Since C 2 / qA i(K n ) — > 0, the capacitary 
estimates of 16 imply that lim Uk„ = and hence u = 0. 

(iii) By definition Ua„ = Ux . Therefore, in view of Proposition \'2.2i iv). it is 
enough to prove the assertion when each set A n is g-closed. As before, for each n, 
there exists a solution w n which vanishes on an open neighborhood B n of (A n ) c 
such that w n < Ua„ and U A n — w n —* 0. Thus w n < Uk„ where K n = B n is 
compact and K n C A n , Since C 2 / q , q ' {K n ) — > it follows that Uk„ — > 0, which 
implies the assertion. □ 

Lemma 3.8. Let E,F be Borel subsets of dQ. 

(i) If E, F are q-closed then Ue AUf = Uedf- 

(ii) If E, F are q-closed then 

U E <U F ^ [EcF andC 2/g<g ,(F\E)>0], 
U E = U F <=> E ~ F. 

(iii) If {F n } is a decreasing sequence of q-closed sets then 

(3.2) \imU Fn =U F where F = DF n . 

(iv) Let A C dfl be a q-open set and let u G U(fl). Suppose that u vanishes q-locally 
in A, i.e., for every point a G A there exists a q-open set A a such that 

a e A a c A, u rj 0. 

Then u vanishes on A. In particular each solution u G U(Q) vanishes on dQ \ 
swpp q gn u. 

Proof, (i) Ue A U F is the largest solution under inf (Ue, Up) and therefore, 
by Definition 13. 61 it is the largest solution which vanishes outside EOF. 

(ii) Obviously 

(3.3) E £ F =^U E =U f , E c F 4=^ U E <U f . 
In addition, 

(3.4) C 2/qiq ,(F\E)>0=>U E ?U F . 

Indeed, if if is a compact subset of F \ E of positive capacity, then Uk > and 
U K < U F but U K ^ U E - Therefore Up = U E implies F ~ E. 

(iii) If V := lim U Fn then C/ F < V. If U> < V then C 2 / M > (supp| n 7 \ F) > 0. But 
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su PPar2 ^ c F' n so tnat su PPan y ^ F and consequently V < Uf- 

(iv) First assume that A is a countable union of q— open sets {A n } such that it « 

for each n. Then u vanishes on \j\Ai for each i. Therefore we may assume that 
the sequence {A n } is increasing. Put F n — dfl \ A n . Then u < Uf 71 and, by (iii), 
Uf I Up where F = dQ\ A, Thus u < Up, i.e., which is equivalent to u ~ 0. 

A 

We turn to the general case. It is known that the (a,p)-fme topology possesses 
the quasi-Lindelof property (see [2 Sec. 6.5.11]). Therefore A is covered, up to 
a set of capacity zero, by a countable subcover of {A a : a £ A}. Therefore the 

previous argument implies that u ~ □ 

A 

Theorem 3.9. (a) Let E be a q-closed set. Then, 

U E = mf{U D : E C D C dfl, D open} 

(3.5) 

= swp{Uk '■ K C E, K compact}. 

(b) If E,F are two Borel subsets of dfl then 

(3.6) Up = Upns © U EX p. 

(c) Let E,F n , n = 1,2, ... be Borel subsets of dVL and let u be a positive solution 
of (JTTJ. If either C 2 / q . q '(EAF n ) -> or F n } E then 

(3.7) U Fn -» Up. 

Proof, (a) Let {Qj} be a sequence of open sets, decreasing to a set E' ~ E 1 , 
which satisfies ()2.20(l . Then Q., j £7' and, by Lemma l3~8T iii) L T Q j } Up. This implies 
the first equality in (|3.5fl . The second equality follows directly from Definition 13.41 
(see also Lemma T3.5II . 

(b) Let D, D' be open sets such that E (~) F C D and E \ F C D' and let if be a 
compact subset of E. Then 

(3.8) U K <U D + U D ,. 

To verify this inequality, let v be a positive solution such that supp^ v C K and 
let {/?„} be a sequence decreasing to zero such that the following limits exist: 

w = lim vg , w' = lim Vg . 

(See Notation 1.1 for the definition of Vg.) Then 

v < w + w < Up + Up/ . 
Since, by [16 Uk = Vk, this inequality implies l|3.8fl . Further (|3.8|) and (|3.5|) imply 

Up < UpnE + U p\p. 

On the other hand, both Ufhe and Up\p vanish outside E. Consequently 
Ufde © Up\p vanishes outside E so that 

Up > U F nE © U E \p. 

This implies (|3~Bjl . 

(c) The previous statement implies, 

Up < Up nn p + Up\p n , Up n < U Fn nE + Up n \p. 
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If C2/q. q '{EAF n ) — * , Lemma |3.7I implies \imUEAF n = which in turn implies 
(EH). 

If F n i E then, by Lemma EH U Fn -+U E - □ 
Notation 3.2. For any Borel set E C 9f2 of positive C2/ 9i(3 ' -capacity put 

v mod (E) = { Ufi : (i e w-' 2/q > q (dn), v(on \ E) = 0}, 

(3.9) 

V E = sup V mo d{E) 
Theorem 3.10. If E is a q-closed set, then 
(3.10) U E = V E . 

Thus the maximal solution Ue is a -moderate. Furthermore U e satisfies the capac- 
itary estimates established in |16| for compact sets, namely: 

There exist positive constants c\ , c 2 depending only on q, N and Q such that, for 
every x G fl, 



(3.11) 



c 2 p{x) J2 r- l - 2 K*-VC 2/qt s((EnS m (x))/r m ))<U E {x)< 

m— — OQ 

oo 

c lP (x) Y, r- n ^I^C 2/q , q ,((EC\S m {x))/r m )), 

rn— — oo 



where 

p{x) = dist (x,d£V), r m := 2~ m , S m (x) = {y G <9ft : r m+1 < |a; - y| < r m }. 
7Vo£e £/iai, /or each point x, S m (x) = when 

sup | a; - y\ < r m+1 < r rn < p(x). 

Therefore the sum is finite for each i£(l. 

Remark. Actually the estimates hold for any Borel set E. Indeed, by definition, 

U E = U g and C 2M ({E n 5 m (a:))/r m )) ~ C 2M ({E n S m (x))/r m )). 

Proof. Let {E^} be a ^-stratification of E. If u G V mQ d(-E/) and /i = trw then 
^ = sup it w where /X& = MX Efc - Hence Ve = supV£ fc . By [l6j, C/gj, = V Ek - These 
facts and Theorem l3.9f c) imply 13.10|l . It is known that Ue,. satisfies the capacitary 
estimates (|3.11|l . In addition, 

C2/ q ,q'{{Ek D S m (x))/r m )) -» C 2 / qt q'((E n S m {x))/r m )). 

Therefore Ue satisfies the capacitary estimates. □ 

4. Localization 

Definition 4.1. Let /i be a positive bounded Borel measure on dfl which 
vanishes on sets of C 2 j qq i -capacity zero. 

(a) The q-support of /i (denoted g-supp fi) is the intersection of all g-closed sets F 
such that fi(dn \ F) = 0. 

(b) We say that p, is concentrated on a Borel set E if /x(<957 \ i?) = 0. 
Lemma 4.2. If /i is a measure as in the previous definition then, 



(4.1) q-suppp ~ supp| n 
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PROOF. Put F = supp^Q u M . By Lemma l3~%T iv^ u M vanishes on <9S! \ F and by 
Lemma 13.51 there exists an increasing sequence of positive solutions {u n } such that 
each function u n vanishes outside a compact subset of F, say F n , and u n | u^. If 
S n := suppg n u n then C F n and {SVi} increases. Thus {S n } is an increasing 
sequence of compact subsets of F and, setting //„ = /r\; g , we find m„ < u Mrl < u M 
so that | tiju. This, in turn, implies (see |14p 

q ^- 

/<« T /-*> g-supp/i c u„5 n c F. 

If D is a relatively open set and /x(D) = it is clear that vanishes on D. 
Therefore u^ n vanishes outside S n , thus outside g-supp [i. Consequently m m vanishes 

q 

outside g-supp (M, i.e. F C g-supp fj,. □ 
Definition 4.3. Let u be a positive solution and A a Borel subset of <9f2. Put 



q ~ 

(4.2) [u]a '■= sup{v e W(O) : v < u, suppg nCA} 
and, 

(4.3) := sup{[w] F : F C A, F g-closed}. 

Thus [u]a = u A Ua, i-e., [u]a is the largest solution under inf(u, Ua)- 

Recall that, if A is g-open and u G C($fi), denotes the solution of in 

Cl'p which equals ux % (A) on 

If lim^o exists the limit will be denoted by if 4 . 

Theorem 4.4. Let u e i/(fi). 

(i) If E C c?f2 is q-closed then, 

(4.4) = inf{[u] D : E C D C dQ, D open}. 

(ii) If E,F are two Borel subsets of dfl then 

(4.5) [u] E < Mfde + [u]e\f 
and 

(4.6) [[u]e]f = [Nf]b = [u]edf- 

(Hi) Let E, F n , n = 1, 2, . . . &e Borel subsets of d£l. If either Cij q q i (EAF n ) — > 
or F n I E then 

(4.7) [u] Fw - M £ . 

Proof, (i) Let P = {£>} be the family of sets in 14. 4|) . By (|3.5|) (with respect 
to the family T> ) 

(4.8) inf(u, JTe) = inf (it, inf f/ D ) = inf inf (it, JTd) > inf [u]z>. 
Obviously 

[u] Dl A [u]d 2 > Hd^Dj. 
(In fact we have equality but that is not needed here.) Therefore, by Proposition ^. 31 
the function v := inf dsv [u]d is a solution of Hence l|4.8|) implies > v. 

The opposite inequality is obvious. 
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(ii) If E is compact ()4.5[) is proved in the same way as Theorem l3.9f bV In general, 
if {E n } is a q stratification of E, 

[u]e„ < ["]fi-ie„ + Mf„\f < Mfhb + [u] e \f- 
This inequality and Theorem ^. 9f c) imply (|4.5I) . 

Put A = E and B = F. It follows directly from the definition that, 

[[u]a]b < inf(u, U A , U b )- 
The largest solution dominated by u and vanishing on A c U B c ) is [uj^ns- Thus 

[[u]a]b < [u]AnB- 

On the other hand 

[u]aiiB = [MahbIb < [Na]b- 
This proves ljO|) . (iii) By J3~BJ) 

[u]e < [u]F n tlE + [u}e\F„, Mf„ < Mf„n£ + [u] Fn \E- 

If C 2 / 9 . 9 ' (EAF n ) — > , Lemma |3.7I implies lim[w]£;AF„ = which in turn implies 
(IP) . 

If F n | E then, by Lemma fo. 81 Up n —* Ue- If u is a positive solution then 
inf(u,t/E) = inf (it, inf £/f„) = inf inffu, Up n ) > i n f[ M ]F„- 

n 71 n 71 n 77 

Since {i 7 ^} decreases w = inf„[u]F„ is a solution. Hence [u]e > w. The opposite 
inequality is obvious; hence [u]e = lirn [ii]f„- □ 



Lemma 4.5. Let u be a positive solution of <|1.1|) and put E = supp^ 



u. 



Q 



(i) If D is a q-open set such that E C D then 

(4.9) [u] D =^muf = [u] D = 

(ii) If A is a q-open subset of dQ, 

(4.10) u w w g = lim u| =0 VQ o-open :QcA 
(mj Finally, 

(4.11) u «0^[w] A = 

PROOF. Case 1: E is closed. Since u vanishes in A :— dft \ E, it follows that 
u e C(f2 U A) and u = on A If, in addition, D C <9f2 is an open neighborhood of 
E then 

/ wdS* -> 

so that 

(4.12) lim uf = 0. 
Since 

^0 < w < u~p + u~p in fl'p 

it follows that 

(4.13) u = Umu£. 
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q 

If we assume only that D is q-open and E C D then, for every e > 0, there exists 
an open set O e such that D C O e , E c O e and C 2 / q . q >(0' t ) < e where 0' e = O e \ D. 
It follows that 

and Unie— >o U-£p(0') — uniformly with respect to (3. Since lim^_>o u®' = u it 
follows that (|4.13|) holds. The same argument shows that (|4.12|) remains valid. 
Now (|4.13[) implies l|4.9[) . Indeed 

u = limu^ < [u]o < u. 

q - q 

Hence u = [u]]j. If Q is a q-open set such that E C Q C Q C 13 then u = [m]q < 
[u] 13 . Hence u = [u] D . 

In addition l|4.12|l implies l|4.10[l in the direction =$■. Assertion (|4.10() in the 
opposite direction is a consequence of Lemma 12.71 and Lemma 13.81 fiv). 

Case 2. We consider the general case when E is g-closed. Let {E n } be a stratifi- 

q 

cation of E so that C 2 / q , q >(E \ E n ) —> 0. If D is gr-open and E C D then, by the 
first part of the proof, 

(4-14) lim(M £ j£ = [u] En . 

By g3J 

(4-15) u°<([u] En )f + ({u} E \ E J$. 

Let {/3fc} be a sequence decreasing to zero such that the following limits exist 
Then, by (|^T4) and JTTSJ, 

Mb„ <W< [u] E „ + W n < [u] E „ + U E \E n - 

Further, by l|X7jl . 

Mjs„ -> Nb = u, ^b\b„ -* 0. 

Hence w = u. This implies (|4.13|l which in turn implies (14.911 . 

To verify (|4.10() in the direction => we apply (|4.15(l with D replaced by Q. 
We obtain, 

u%<([u} En )Q + ([u] EKEn )Q. 
By the first part of the proof 

lim(M B J« = 0. 

Let {(3k} be a sequence decreasing to zero such that the following limits exist: 
lim ([u} E \E n )% i n = 1, 2, . . . , lim m? 

Then 

lim < lim (Mb\b„)? < ^b\b„. 

Since U E \ En — > we obtain l|4.10|l in the direction =>. The assertion in the 
opposite direction is proved as in Case 1. This completes the proof of (i) and (ii). 
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Finally we prove (iii). First assume that u « 0. If F is a q-closcd set such that 

q q ~ q 

F C A then there exists a q-open set Q such that F <Z Q <Z A. Therefore, applying 



(|4.9(l to v := [u]f and using l|4.10J) we obtain 

u = limy? < lirnw^ = 0. 
In view of Definition 14.31 this implies that [u] A = 



Secondly assume that [u] = 0. Then [u]q = whenever Q C A. If Q is a 

~ 9 

q-open set such that <5 C A then [u]q = and hence u ~ 0. Applying once again 

Q 

Lemma f2. 71 and Lemma 13.81 (iv) we conclude that u«0. □ 

Definition 4.6. Let u,v be positive solutions of in fl and let A be a 
g-open subset of dfl. We say that it = »onylif«9w and v Q u vanish on A (see 
Notation 3.1). This relation is denoted by u ~ v. 

Theorem 4.7. Let u,v S and let A be a q-open subset of d£l. Then, 

(4.16) u ~ v lim lit — v\a = 0, 

A p^o p 

for every q-open set Q such that Q C A and 

(4.17) u pa v [u]p = [v]p, 

q 

for every q-closed set F such that F C A. 

Proof. By definition, u ss v is equivalent to u Q v « and d9m~0. Hence, 

A A A 

by Lemma 1131 ( specifically l|4.11|l ). 

(4.18) [uev} F = 0, [vQu} F = Q, 

q ~ q 

for every g-closed set F C A. Therefore, if Q C A, Lemma rTol implies that 

((u-«) + )«-0, ((«-u) + )«-.0. 

(Recall that w0w is the smallest solution which dominates the subsolution (u — v)+.) 
This implies (|4.16|l in the direction the opposite direction is a consequence of 
Lemma 13.71 

We turn to the proof of l|4.17(l . For any two positive solutions u, v we have 

(4.19) u + (v — u)_|_ < v + (u — v)+ < v + u v. 

q 

If F is a g-closed set and Q a q-open set such that F C Q then, 

(4.20) [u} F <[v] Q + [uev] Q . 
To verify this inequality we observe that, by 14.19fl . 

[u]f < [v]q + [v]qc + [uQ v]q + [uQ v]qc 

The subsolution w := {[u]f ~ (Hq + [«9«]q))+ is dominated by the supersolution 
[v]qc + [u w]qc which vanishes on Q. Therefore w vanishes on Q. Since the 
boundary support of [w]-f is contained in F it follows that [w]-\ = so that w = 0. 

If it « u and F C Q C Q C A then (|PU|) and imply, 
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Choosing a decreasing sequence of q-open sets {Q n } such that C\Q n ~ F we obtain 
Mf < hm[w]Q re = [v]p. Similarly, [v]p < [u]f and hence equality. 

q 

Next assume that [v]p = [u]f for every q-closed set F C A. If Q is a q-open 
set such that Q C A we have, 

uew < (M Q © Mgc)e Hq < [u]q*, 

because [u]q = [v]q. This implies that u Q v vanishes on Q. Since this holds for 
every Q as above it follows that u v vanishes on A. Similarly v u vanishes on 
A. ' ' □ 

Corollary 4.8. If A is a q-open subset ofdCl, the relation rj is an equivalence 

A 

relation in hi (f2) . 

Proof. This is an immediate consequence of H4.16I) . □ 

5. The precise boundary trace 

5.1. The regular boundary set. We define the regular boundary set of a 
positive solution of l|l.lfl and present some conditions for the regularity of a g-open 
set. 

Definition 5.1. Let u be a positive solution of (|1.1|) . 

a: Let D C dfl be a q-open set such that C 2 / q y(D) > 0. D is pre-regular 
with respect to u if 

(5.1) / [u] q F pdx < oo VF CD, F ^-closed. 
Jn 

b: An arbitrary Borel set E is regular if there exists a pre-regular set D such 
that E CD. 

c: A set D C dfl is a-regular if it is the union of a countable family of 
pre-regular sets. 

d: The union of all q-open regular sets is called the regular boundary set ofu, 
and is denoted by 1Z(u). The set S(u) — dfl \ lZ(u) is called the singular 
boundary set of u. A point P £ 1Z(u) is called a regular boundary point 
of u; a point P € <S(u) is called a singular boundary point of u. 

Remark. The property of regularity of a set is preserved under the equivalence 
relation ~. However note that a point is regular if and only if it has a q-open 
regular neighborhood. 

Lemma 5.2. If D is a q-open pre-regular set then every point £ £ D is a regular 
point. Furthermore there exists a q-open regular set Q such that 

(5.2) £ 6 Q C Q C £>. 

If F is a regular q-closed set then there exists a regular q-open set Q such that 
F CQ. 

Proof. By Lemma \'2. 71 for every £ £ D, there exists a q-open set Q such that 
(|5.2(l holds. Therefore Q is a regular set and £ is a regular point. The last assertion 
is a consequence of Lemma 12.41 □ 
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Definition 5.3. Let u be a positive solution of and let {Q n } be an 

q 

increasing sequence of regular g-open sets. If Q n C Q n +i we say that {Q n } is a 
regular sequence relative to u. 

If Q is a g-open set, {Q n } is a regular sequence relative to it, Q n C Q and 
Qo '■= ^n°=iQn ~ Q we refer to Qo a s a proper representation of Q and to {Q n } as 
a regular decomposition of Q, relative to u. 

Lemma 5.4. Let u £ Z//(f2). j4 q-open set Q C 951 is o~ -regular if and only if it 
has a proper representation relative to u. In particular every pre-regular set has a 
proper representation. 

PROOF. The 'if direction follows immediately from the definition. Now sup- 
pose that Q is cr-regular. Then Q = \JfE n where E n is g-open and pre-regular, 
n = 1, 2, • • • . By Lemma l2~o1 each set E n can be represented (up to a set of capacity 

zero) as a countable union of g-open sets {A n j}jl 1 such that A n j C A n j +i C E n . 
We may assume that A n j C E n ; otherwise we replace it by A n j n E n . Put 

— ^k+j—nA^^j. 

q 

If fc + j = n then A^.j C Afcj+i C Q n +i- Hence 

<? q 

Qn C Qn+lj Qo '■= uQ n ~ Q. 

□ 

Theorem 5.5. Let D be a q-open set such that C 2 / qi q>(D) > 0. 

(i) Suppose that 

(5.3) ]xmM J ^ (u%) q (p- (3)dx < oo. 
TTien £> is pre-regular. 

(ii) Suppose that D is a pre-regular set. Then there exists a Borel measure p, on D 

q 

such that, for every q-closed set E C D, 

(5.4) tr[u] E = VXe- 

Proof, (i) Let {/3„} be a sequence decreasing to zero such that 



(5.5) / (u%J g (p- [3 n )dx < C < oo, Vn. 



By extracting a subsequence if necessary we may assume that {w^} converges 

locally uniformly in Q to a solution w. Then, by Lemma |4. 51 if E is g-closed and 
q 

EcD, 

(5.6) [u]e = lim ([ujs)? < lim Ug =: w. 

,9— >0 n— >oo M " 

By lj5.5J) and Fatou's lemma, 

/ w q p dx < C < oo. 
Jn 

Hence, by (|5.6|1 . 

(5.7) / ([m] b )V^ < C < oo. 
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Thus D is pre-regular. 

(ii) By Lemma IS~4l D possesses a regular decomposition {Dj}. Put 

wj = [u] Dj . 

Then {wj} is increasing and its limit is a solution wq < w with w as defined in 
(|5.6|) . Thus w is a moderate solution. If E C D is a q-closed set then, by <|4.(il) , 

Msn^ = Kl-E < Mb < [u]e- 
By Lemma 12.51 for every k £ N there exists an open set and a natural number 
j k such that C 2 / q , q '{O k ) < l/k and E \ O k C D^. By Theorem 1^1 

Mb < M £n£) + Mcv 

Since [u]o fc — ► we conclude that 

(5.8) [w ]e = [u]e VE CD; E g-closed. 

If Wo is moderate then tr [wq]e = A*X E t r ^o, which implies (|5.4|l . 

We turn to the case where wq is not moderate. The solution Wj is moderate 
and we denote 

/ij = tr Wj , /i = lim /Zj . 
By Ij4.6|) . uij = [wj + k]Dj- Therefore /ij = ^j+kX D - — MXd- Therefore if i5 is q- 
closed and i? C Dj for some j, (|5.4|) holds with as defined above. If E is g-closed 

and£cD then £ ~ E' := U(E n Dj) = U(£ n Dj). Put E := ED Dj. It follows 
that 

Since D is pre-regular, [it]£- is moderate. Put Ej = E \ Dj and observe that C\fE^ 
is a set of capacity zero so that (by Lemma l3.8f) Ue' I and hence lim[u].E'. J, 0. 
Since 

[u] E < [u]ej + [uIe'j and [u] E '. I 

we conclude that 

tr [u] E < limtr [u] Ej = HX E ,- 

On the other hand 

tr [u] E > tr [u] E] -> = MX E - 
This implies Ij5.4jl . □ 

Corollary 5.6. Let D be a q-open set such that C2/ q , q '(D) > 0. Suppose that, 

~ i 

for every q-open set Q such that Q C D, 

(5.9) liminf f (u^) q (p - j3) dx < oo. 

Then D is pre-regular. 

Proof. This is an immediate consequence of Lemma l2~4l and Thcorem l5.5l □ 
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5.2. Behavior of the solution at the boundary. In this subsection we 
provide a characterization of regular and singular boundary points of a positive 
solution by the limiting behavior of the solution as it approaches the boundary in 
a q-open neighborhood of each point. 

Theorem 5.7. Let u be a positive solution of in ft and let Q be a q-open 
subset of dfl of positive capacity. 

(i) If £ 6 S{u) then, for every nontrivial q-open neighborhood Q of 



(5.10) / udS -> oo, as (3^0. 

(ii) If £ S 7t{u), there exists a q-open regular set D such that Further there 

exists a q-open set Q such that £ G Q C Q C D. Consequently 

(5.11) sup [ udS <oo, 

0</3</3 JS^(Q) 

and u® is moderate. If fi Q := tr [u]q then, for every q-closed set E C Q, 

(5.12) tr[u] E = MqXb- 

Proof, (i) If Q is a g-open set for which i|5.10[l does not hold, there exists a 
sequence {f3 n } converging to zero such that 



udS — > a < oo. 

This implies that there exists a constant C such that (|5.5|l holds (with D replaced 
by Q). By Theorem 15. 51 Q is pre-regular and by Lemma 15.21 every point in Q is a 
regular point. Therefore, if £ 6 S(u), l|5.10|l holds. 

(ii) By Definition 15.11 there exists a g-open regular neighborhood D of £. By 
Lemma 12.71 there exists a g-open set Q such that £ S Q C Q C D. By Theo- 
rem ^31 and Lemma T4.5l 



u < [u]d + [u]d° 

Therefore 



and lim [ [uW/3, -)dS = 0. 



lim sup / u((3, -)dS < lim sup / -)dS < oo 

13^0 Jq 13^0 Jq 

so that (|5.3(l holds. In view of this fact, Theorem 15 . 51 and the arguments in its proof 
imply assertion (ii). □ 

5.3. ^-perfect measures. 

Definition 5.8. Let \x be a positive Borel measure, not necessarily bounded, 
on d£l. 

(i) We say that /i is essentially absolutely continuous relative to C^jq^ if the fol- 
lowing condition holds: 

If Q is a g-open set and A is a Borel set such that C2/ q . q ' {A) = then 

n(Q\A)=ii(Q). 

This relation will be denoted by /i -<-< C2/ q , q >- 



PRECISE BOUNDARY TRACE 



25 



(ii) fi is regular relative to q-topology if, for every Borel set E C dfl, 

fj,(E) = M{fi(D) : E c D c 9fi, D q-open} 
(5.13) . , . 

= sup{n(K) : K C E, K compact}. 

fi is outer regular relative to q-topology if the first equality in (|5.13l) holds. 

(iii) A positive Borel measure is called q-perfect if it is essentially absolutely con- 
tinuous relative to C^/^q' and outer regular relative to q-topology. The space of 
g-perfect Borel measures is denoted by M q (d£l). 

Lemma 5.9. If /i E M. q (dfl) and A C dfl is a non-empty Borel set such that 
C 2 /q,q'(A) = then 



(5.14) fi(A) 



oo if [i(Q \ A) = oo VQ q-open neighborhood of A, 
otherwise . 



If j-io is an essentially absolutely continuous positive Borel measure on dfl and 
Q is a q-open set such that /io(Q) < °o then Mo| Q absolutely continuous with 
respect to C^/q,^ in the strong sense, i.e., if {A n } is a sequence of Borel subsets of 
dVL, 

c 2 /q, q >{A n ) -^o=^/x (QnA n ) ->o. 

Let no be an essentially absolutely continuous positive Borel measure on dQ. 

Put 

(5.15) n(E) := inf{MoOD) : E C D c dtt, D q-open}, 

for every Borel set E C dfl. Then 

(a) (i < /j,, Mo(<3) = KQ) Q-open 

(5.16) 

(6) /i| = Mo| g f or every q-open set Q such that /io(Q) < 00 • 

Finally fi is q-perfect; thus fi is the smallest measure in M. q which dominates Hq. 

Proof. The first assertion follows immediately from the definition of M 9 . We 
turn to the second assertion. If /xq is an essentially absolutely continuous positive 
Borel measure on dil and Q is a g-open set such that Ho{Q) < oo then /j,qx q is 
a bounded Borel measure which vanishes on sets of C 2 /g. g '-capacity zero. If 
is a sequence of Borel sets such that C 2 /g. g '(A n ) — > and //„ := MoX Qri A„ then 
u fj,,i locally uniformly and fi n — 1 weakly with respect to C(dfl). Hence 
lk){Q H A n ) — > 0. Thus fiQ is absolutely continuous in the strong sense relative to 

C 2/q,q'- 

Assertion (|5.16|l (a) follows from (|5.15() . It is also clear that fi, as defined by 
(|5.15|l . is a measure. Now if Q is a g-open set such that ^q(Q) < oo then /i(Q) < oo 
and both Mo| Q an d /u| are regular relative to the induced Euclidean topology on 
dfl. Since they agree on open sets, the regularity implies (j5.16|) (b). 

If A is a Borel set such that C^/q^ (A) = and Q is a g-open set then Q \ A is 
g-open and consequently 

M(Q) = MQ) = Mo(Q \ A) = fi(Q \ A). 

Thus [i is essentially absolutely continuous. It is obvious by its definition that /j, is 
outer regular with respect to C2/ q . q '- Thus /i G M q (9f2). □ 
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5.4. The boundary trace on the regular set. First we describe some prop- 
erties of moderate solutions. In this connection it is convenient to introduce a 
related term: a solution is strictly moderate if 

(5.17) \u\ <v, v harmonic, / v q pdx < oo. 

Jo. 

A positive solution u is strictly moderate if and only if tru G W7 2 (9f2) (see 

ESI). 

Notation 5.1. Let II : np — > <9f2 be the mapping given by II(x) = a(x) (see 
Notation 1.1) and put IL3 := III 

1: If is a function defined on d£l put <f>* := 4>oJ[. This function is called 
the normal lifting of <f> to 0/3 . Similarly, if <f> is defined on a set Q C <9f2, 
</>* is the normal lifting of </> to Og (Q). 

2: If <ys is a function defined on we define the normal projection of ^2 onto 
<9fi by 

^(0 = v(n» 1 (0). veeao, n^ = n| rE^an. 

If u is a function defined on then v% denotes the normal projection of 
■) onto 50, for G (0,/3 ). 

Proposition 5.10. Let u be a moderate solution of (|1.1|) . not necessarily pos- 
itive. Then: 

(i) u G L 1 (il) fl L q (Q;p) and u possesses a boundary trace tru given by a bounded 
Borel measure fi which is attained in the sense of weak convergence of measures: 

(5.18) lim / u(j>*dS= \vm [ ufydS = [ <j>dfi, 
for every <f> G C(dQ). 

(ii) A bounded Borel measure fi is the boundary trace of a solution of (|1 . 1|) if and 
only if it is absolutely continuous relative to C 2 / gi9 '. When this is the case, there 
exists a sequence {/i n } C W- 2 / q ' q (dn) such that fi n — > fi in total variation norm. 
If fi is positive, the sequence can be chosen to be increasing. Note that these facts 
imply that fi is a trace if and only if \fi\ is a trace. 

(Hi) u is strictly moderate if and only if \tru\ G W~ 2 / q ' q (dQ). In this case the 
boundary trace is also attained in the sense of weak convergence in W~ 2 ^ q ' q (dfl) of 
{it* : (3 G (0, f%)} as (3 -» 0. In particular (liHHj) holds for every <j> G W 2 l q ^ q ' (dtt) U 

(iv) If fi := tru and {fi n } is as in (ii) then u — limu Mii . In particular, if u > 
then u is the limit of an increasing sequence of strictly moderate solutions. 

(v) The measure fi = tru is regular relative to the q-topology. 

(vi) If u is positive (not necessarily strictly moderate), H5.18|l is valid for every 

<j> g (wl /q ' q ' nL°°)(dn). 

Remark. Assertions (i)-(iv) are well known. For proofs see 1151 which also contains 
further relevant citations. 

Proof of (v). If fi is a trace then fi + and fi- are traces of solutions of 111.1(1 . 
Therefore it is enough to prove (v) in the case that fi is a positive measure. 
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Every bounded Borel measure on dQ is regular in the usual sense: 

fj,(E) = inf{/z(0) : E C O, O relatively open} 

= sup{/i(i\ ) : K C E, K compact} 

for every Borel set E C <9f2. Since 

fi(E) < inf{/i(L>) : E C D C dCl, D 9 -open} 

< inf {(i(0) : E C O C dtt, O relatively open} 

it follows that such a measure is also regular with respect to the q-topology. 

Proof of (vi). By (ii) there exists an increasing sequence of strictly moderate 
solutions {v n } such that v n ] u. If \x n := trw„ then 



lim / v n 4>*dS = / <f>dn n , 
P^Jiip Jan 

for every <f> £ W 2 l q ' q (dQ). Since {/J- n } increases and converges weakly to jj, = iru 
it follows that /i n — > /i in total variation. Hence 

<f>dfj, n — ► / 
an Jan 

for every bounded cj> £ W 2 / q ' q ' (dSl). If, in addition, > 0, we obtain 



lim inf / ud>*dS > / cbdii. 
7 S/3 Jan 

On the other hand, since u*p — > /i in the sense of weak convergence of measures, it 
follows that 

(5.19) lim sup / UadS < /z, lim inf / u%dS > /i 

for any closed set -E C 9fi, respectively, open set A C dfl). It is easily seen that, 
in our case, this extends to any g-closed set E (resp. g-open set A). Therefore if A 
is g-open and 

fi(A)=fi(A), 

then 

(5.20) lim / u^dS = fi(A). 



If 4> £ W 2 / q - q (OQ) n L°° (dQ) and I C K is a bounded open interval then, by [H 
Prop. 6.1.2, Prop. 6.4.10], A := is quasi open. Without loss of generality 

we may assume that <j> < 1. Given k £ N and to = 0, . . . , 2 fc — 1 choose a number 
a m .fc in the interval (m2~ k , (m+ l)2~ fe ) such that £t TC (</> _1 ({a m .fc}) = 0. Put 

A m ,k — _1 ((am,fe, o m +i,fc]) to = 1, . . . , 2 fe - 1, A , fc = _1 ((a Oi fc, oi, fe ]) 

and 

m=0 

Then fk^4> uniformly and, by (|5.20|l . 

lim / hu^dS = / f k d^. 
p^°Jdn Jan 

This implies assertion (vi). □ 
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Theorem 5.11. Let u e U(Q). 

(i) The regular set 1Z{u) is a-regular and consequently it has a regular decomposi- 
tion {Q n }. 

(ii) Let 

(5.21) v n := sup{[u]q : Q q-open and regular }. 

Then there exists an increasing sequence of moderate solutions {w n } such that 

(5.22) supp| n u>„ C Tl(u), w n f v w 
(Thus w TC is a -moderate.) 

q 

(iii) Let F be a q-closed set such that F C lZ(u). Then, for every e > 0, there 
exists a q-open regular set Q e such that C2/q t q>{F\Q e ) < e. Lf in addition, [u]f is 
moderate then F is regular; consequently there exists a q-open regular set Q such 

that F C Q. 

(iv) With {Q n } as i n (i)> denote 

(5.23) v n :=[u\ Qn , fi n :=trv n , v:=1imv n , := lim/i n . 
Then, 

(5.24) v = v w 
Furthermore, for every q-open regular set Q, 

(5.25) MtzXq = tr [u]q = tr [w tc ]q. 

Finally, is q-locally finite on lZ(u) and a- finite on 1Zq(u) := UQ n . 

(v) //{w n } is a sequence of moderate solutions satisfying conditions (|5.22|) then, 

(5.26) = lim tr w n 

(vi) The regularized measure /2 TC given by 

(5.27) := mf{/x TC (Q) : E cQ, Q q-open V£ C 90, 15 Sore/} 
is q-perfect. 

(vii) u » « w 

Tc('U) 

q 

(viii) For every q-closed set F C lZ{u): 

(5.28) M F = 

//, in addition, fi^F) < oo i/ien [u]f is moderate and 

(5.29) tr [u] F = HkX f . 

(ix) If F is a q-closed set then 

(5.30) M-rI-P 1 ) < 00 < ^ = i > [ m ]f *s moderate _F is regular. 

Proof, (i) By [2 Sec. 6.5.11] the (a,p)-fine topology possesses the quasi- 
Lindelof property. This implies that TZ(u) is cr-regular. By Lemma 15.41 7Z(u) has a 
regular decomposition Recall that Q n C an d C 2 / q , q > (H(u)\TZ (u)) = 0. 

(ii) This assertion is an immediate consequence of (I5.21|) and Proposition ^. 31 

(iii) By definition, every point in lZ(u) possesses a q-open regular neighborhood. 
Therefore, the existence of a set Q e , as in the first part of this assertion, is an 
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immediate consequence of Lemma 12.51 Let O e be an open set containing F \Q e 
such that C 2 / q<q '{O e ) < 2e. Put F e := F \ O e . Then F e is a g-closed set, F e C F, 

C 2/g<g ,(F\F e )<2e andF £ cQ £ . 

q 

Assertion 1. Let E be a q-closed set, D a q-open regular set and E C D. Then 
there exists a decreasing sequence of q-open sets {Gnj^Lj such that 

(5.31) E c G n+1 C G„+i cG„Cfl 
and 

(5.32) [u] Gn [u} E m L*$l,p). 

By Lemma \'2. 61 and Theorem 14.41 there exists a decreasing sequence of g-open 
sets {G„} satisfying l|5.31[) and, in addition, such that [m]g„ I [u]e locally uniformly 
in f2. Since [w]g„ < \ u \d and the latter is a moderate solution we obtain (|5.32(l . 

Put 

E n := U m=1 -Fi/ m , D n :— U^ =1 Qi/ m . 

q 

Then i?„ is g-closed, D n is g-open and regular and E n C Mi- Therefore, by 
Assertion 1, it is possible to choose a sequence of g-open regular sets {V^} such 
that 

(5.33) E n c V n C K C D n , \\[u] Vn - [u} E J Lq(n p) < 2- n . 
By Theorem IO 

[u]f < [u]e„ + Mf\£„ and Mf\f„ I 0. 

Therefore t [u]f- 

If, in addition, [u]f is moderate then 

Mb, T Nf in L«(fi,p) 

and consequently, by (|5.33(l . 

[u] Vn -» Nf in i 9 (fi,p). 
Let {V^ fc } be a subsequence such that 

(5.34) 



- Nf 



< 2~ fe . 

L9(n,p) 



Recall that E n cV n nF and that C* 2 / 9 , 9 ' (-F \ £n) I 0. Therefore C 2/q y (F \ V n ) -» 
0. Consequently F C W := n^° =1 T4 fc and, in view of (|5.34(l . [u]w is moderate. 

q 

Obviously this implies that W is pre-regular (any g-closed set E C W has the 
property that [u]e is moderate) and F is regular. Finally, by Lemma 12.41 every 
g-closed regular set is contained in a g-open regular set. 

(iv) Let Q be a g-open regular set and put [i Q = tr [u)q. If F is a g-closed set such 
that F C Q then, by Theorem I5~5l 

(5.35) [u] F = A* Q X F - 

In particular the compatibility condition holds: if Q, Q' are g-open regular sets then 

(5.36) fi QnQ ' = HQX QnQ , = MQ'Xg ni5 ,- 
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With the notation of (|5.23(l . [v n +k]Q k = i>fc and hence /J-n+kXr, = Mfe f° r every 

keN. 

Let F be an arbitrary q-closed subset of TZ(u). Since C2/q : q>(F \ Q n ) > it 
follows that 

(5.37) [v n ] F = [u] Fn Q n t [u] F . 
In addition, [v]f > lim[v„]F = [u]f and v < u lead to, 

(5.38) [u] F = [v] F . 

If Q is a g-open regular set, [u]q = lim[v„]Q < limu„ =: v and so v K < w. On the 
other hand it is obvious that v < v^. Thus l|5.24|l holds. 

By (|5.35|) and (|5.37|> . if F is a g-closed subset of lZ(u) and [u]p is moderate, 

(5.39) tr [u]f = limtr = lim^„x F = n^ F , 

which implies 15.25fl . This also shows that [i^p is independent of the choice of 
the sequence {^t n } used in its definition. This remains valid for any g-closed set 

q 

F C lZ(u) because C 2 /qy{lZ(u) \TZq(u)) = and [i^ is cr-finite on TZq(u). The last 
observation is a consequence of the fact that 1Zq(u) has a regular decomposition. 

The assertion that is g-locally finite on lZ(u) is a consequence of the fact 
that every point in lZ(u) is contained in a g-open regular set. 

(v) If w is a moderate solution and w < w TC and supp^ w C lZ(u) then r := trw < 
fi K . Indeed 

Nq„ < KJq„ = v n, Mq„ T w => tr Nq„ T t < limtr v n = 
Now, let {w n } be an increasing sequence of moderate solutions such that F n := 
su PPdo w n C 7?.(w) and «;„ | v^. We must show that, if v n :— tr w„, 

(5.40) ^ := limz/„ = 

By the previous argument v < fi K . The opposite inequality is obtained as 
follows. Let D be a g-open regular set and let if be a compact subset of D such 
th&tC 2/q . q/ (K)>0. 

w n < [w n ] D + [w n ] D o =^ v K = limw„ < lim[w„]n + U D c 

The sequence {[w„]o} is dominated by the moderate function [wJd- In addition 
tr [w n ]c = v n x B T v X e Hence, v>x b is a bounded measure and [u>„]d T u vx- wncrc 
the function on the right is the moderate solution with trace vXf,- Consequently 

= lim w n < u vx _ + Ud"- 

This in turn implies 

(KJk - u vx t )+ ^ vai(U D a,U K ) 
the function on the left being a subsolution and the one on the left a supersolution. 
Therefore 

(Kk - Uv Xb )+ < [[UW]k = o. 

Thus, [v^k < u vx and hence ^i 1J x K < vx b - Further, if Q is a g-open set such that 

~ i 

Q C D then, in view of the fact that 

sup^^x^ : K e Q, K compact} = ^x Q , 
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we obtain. 



(5-41) M^xq < v Xt) - 

Applying this inequality to the sets Q m ,Qm+i we finally obtain 



Q m + 2 



Letting m^oowe conclude that ii^<v. This completes the proof of (|5.4U|) and 
of assertion (v) . 

(vi) The measure is essentially absolutely continuous relative to C 2 /g. g ' (see 
Definition 15. 8|) . Therefore this assertion follows from Lemma \b. 91 

(vii) By JOJ 



lim(u -[ii]Q„)=!i-i) K < [u]an\n a 

so that «9s„ ~ 0. Since t> < u this is equivalent to the statement u « v~ 
Ho tz 

(viii) (|5.28|) was established before, see (|5.38p . Alternatively, it follows from the 
previous assertion and Theorem l4.7l If £t TC (-F) is finite then (|5.29|) is a consequence 
of (i) and (|5~35l) . Indeed, F n := F(~)Q n | F ~ F. Hence, [u] F < [«]f„+Hf\f„ and 
C2/q, q >{F \ F n ) | 0. Hence [u] F = lim[«]j? n and tr [u] Fn = H- R X Fn T V-nX F() = V-rXf- 
Since /i tc Xf i s a bounded measure, [u] F is moderate and (|5.29(1 holds. 

(ix) If fJ/^F) < oo then, by (viii), [u] F is moderate and, by (iii), F is regular. 
Conversely, if F is regular then [u] F is moderate and, by l|5.25[l . /J> n (F) < oo. □ 

5.5. The precise boundary trace. 

Definition 5.12. Let q c < q and u £ U(Vl). 

a: The solution w TC defined by (|5.21l) is called the regular component of u and 
will be denoted by u rcg . 

b: Let {v n } be an increasing sequence of moderate solutions satisfying con- 
dition H5.22J) and put = H n (u) := limtrti„. Then, the regularized 
measure /2 TC , defined by (|5.27|) . is called the regular boundary trace of u. 
It will be denoted by tr TC it. 

c: The couple (tr TC it, S{u)) is called the precise boundary trace of u and will 
be denoted by tr c u. 

d: Let v be the Borel measure on dft given by 



for every Borel set E C dil. Then v is the measure representation of the 
precise boundary trace of u, to be denoted by tr u. 

Note that, by Theorcm lS-lll fvL the measure fi^ is independent of the choice of the 
sequence {v n }. 



u < [u] Qn + Man\Q„- 



By Theorem EJc) 



[u]en\Q„ I Man\K, 



Hence 



(5.42) 
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Theorem 5.13. Assume that u S U(fl) is a a-moderate solution, i.e., there 
exists an increasing sequence {u n } of positive moderate solutions such that u n — > u. 
Let \x n := tru„ ; (1q := lira/x n and put 

(5.43) fx(E) := inf{/i (L>) :£cflcffl, D q-open}, 
for every Borel set E C dfl. Then: 

(i) fi is the precise boundary trace of u and /i is q-perfect. In particular [i is 
independent of the sequence {u n } which appears in its definition. 

(ii) If A is a Borel set such that n(A) < oo then [i(A) — fj,o(A). 

(iii) A solution u 6 W(O) is a-moderate if and only if 

(5.44) u = sup{v 6 U(Q) : v moderate v < u}, 
which is equivalent to 

(5.45) u = sup{u r : t G W+ 2/q ' q {dn), r<tru}. 

Thus, if u is a-moderate, there exists an increasing sequence of strictly moderate 
solutions converging to u. 

(iv) // u, w are a-moderate solutions, 

(5.46) trw < tru <J=^> w < u. 

Proof, (i) Let Q be a g-open set and A a Borel set such that C^/q^ {A) = 0. 
Then n n {A) = so that fM)(A) = 0. Therefore ^ (Q \ A) = fJ, (Q). Thus n is 
essentially absolutely continuous and, by Lemma 15.91 \i is q-pcrfcct. 

Let {D n } be a regular decomposition of TZ(u). Put D' n = TZ(u)\D n and observe 
that D' n | E where C 2 / qA '{E) = 0. Therefore 

Since, 

it follows that 

u u v — limit,, v 

Now 

"n < %„X K(U) + Ns(«)- 

Hence 

U - Ms(«) < w := limu^^^ = limu^^ < u reg . 

This implies it [it]s( u ) < u . But the definition of u re (= v K ) implies that u re < 
uQ [u\s(u)- Therefore limttp nX — u reg . Thus the sequence {u^ nXo } satisfies 
condition (|5.22|) and consequently, by Theorem 15 . 1 II fiv) and Definition 15. 121 

(5.47) lim/i„x Dn = /i ro tr TC w = /2 K . 

If £ G 5(m) then, for every g-open neighborhood Q of £, ^[ujg/jdx = oo. This 
implies: /i n (Q) — > oo. To verify this fact, assume that, on the contrary, there exists 
a subsequence (still denoted {n n }) such that sup/i„(Q) < oo. Denote by v n ,Q and 
w nt Q the solutions with boundary trace x Q tr w n and x QC tru„ respectively. Then 

Un < Vn,Q + Wn,Q ==> U < Uq + WQ , Uq = limu n ,Q, Wq = litnto n| Q. 



< u 
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Then vq is moderate and wq vanishes in Q. If D is a g-open set such that £ £ £) C 
D C Q then [wq]d = 0. Therefore 

min(u, f/o) < mm(«Q, Ud) + min(wQ, f/c) [u]d < [vq]d, 

which brings us to a contradiction. In conclusion, if £ £ S(u) then /io(Q) = oo 
for every g-open neighborhood of £. Consequently ^(£) = oo. This fact and (|5.47|) 
imply that /i is the precise trace of u. 

(ii) If fi(A) < oo then A is contained in a c/-open set D such that fio(D) < oo and, 
by Lemma fo. 91 /^(A) = /iq(A). 

(iii) Let u £ U(fl) be cr-moderate and put 

(5.48) u* := sup{v £ U{ti) : v moderate v < u}. 

By its definition u* < u. On the other hand, since there exists an increasing 
sequence of moderate solutions {u n } converging to u, it follows that u < u* . Thus 
u = u* . 

Conversely, if u £ U(fl) and u — u* then, by Proposition 13.31 there exists an 
increasing sequence of moderate solutions {u„} converging to u. Therefore u is 
cr-moderate. 

In view of Proposition l5.1UI (iv), 

u* < sup{u r : r £ W+ 2/9,9 (dfl), t < tru} =: u t . 

On the other hand, if u is cr-moderate, r £ W + 2 ^ q ' q (dfl) and r < tru then (with 
\x n and u n as in the statement of the theorem), tr (u T 9«„) = (r — u„) + I 0. Hence 
u T u n I 0, which implies that m t 0ii = O, i.e. u T < u. Therefore u > ifi . Thus 
(15.4411 implies l|5.45l) and each of them implies that u is cr-moderate. Therefore the 
two are equivalent. 

(iv) The assertion =>■ is a consequence of (I5.45|) . To verify the assertion <= it is 
sufficient to show that if w is moderate, u is cr-moderate and w < u then tr w < tr u. 
Let {u n } be an increasing sequence of positive moderate solutions converging to u. 
Then u n \/w < u and consequently u n < u n \/w f u. Therefore tr (u„Vuj) f // < tru 
so that tru; < tru. 

□ 

Theorem 5.14. Let u £ £/(£7) and put v = tru. 

(i) u rcg is a -moderate and tru reg = tr TC u. 

(ii) IfveU(n) 

(5.49) v < u ==>■ tru < tru. 
If F is a q-closed set then 

(5.50) tr [u] F < v Xf - 

(iii) A singular point can be characterized in terms of the measure v as follows: 

(5.51) £ £ S{u) v{Q) = oo : £ £ Q, Q q-open. 

(iv) If Q is a q-open set then: 

(5.52) Q pre-regular <=4> v{F n Q) < oo \fF C Q : F g-closed 

(5.53) Q regular <=4> 3 Borel set A: C 2 / q , q >(A) = 0, v{Q \ A) < oo. 
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(v) The singular set of u rBg may not be empty. In fact 

(5.54) S(u) \ b q (S(u)) C S(u r J c S(u) n Tl(u), 

where b q (S(u)) is the set of ' C21 ' q . q > -thick points ofS(u), (see Notation 2.1). 

(vi) Put 

(5.55) S {u) := {(effl: v(Q \ S{u)) = 00 VQ : £ 6 Q, Q g-open}. 
T/ien 

(5.56) S(u,J \ 6,(5(«)) c S (u) C S(u,J U 6 g (5(«)) 

Remark. This result complements Thcorem l5 . 1 1 I which deals with the regular bound- 
ary trace. 

PROOF, (i) By Theorem 15. Ill Ciil u reg is er-moderate. The second part of the 
statement follows from Definition 15 . 1 21 and Theorem l5.13l (T). 

(ii) If v < u then TZ(u) C 7t(v) and by definition v r(sg < u . By Theorem l5.13l (iv) 
txv re < tvu re and consequently trv < tru. H5.50|) is an immediate consequence of 

(iii) If £ G 7£(u) there exists a g-open regular neighborhood Q of £. Hence ^(Q) = 
tr TC u(<5) < 00. If £ G <S(u), it follows immediately from the definition of precise 
trace that v(Q) — 00 for every g-open neighborhood Q of £. 

q q 

(iv) If Q is pre regular then [u\f is moderate for every g-closed set F C Q and Q C 
lZ(u). By Theorem 15.111 fviii) this implies: tr [u]f = (m-r( u ))Xf an( i consequently 
z,(F n Q) = {nJu)){F n Q) = < 00. Therefore (fH~5^) holds in the 
direction =>. 

Conversely, if Q is a g-open set, F a g-closed set, F C Q and i/(FnQ) < 00 then, 

by Definition 15.121 F C\ Q C TZ(u) which implies F C 7£(u) and fx^(u)(F) < 00. 
Therefore, by Theorem 15.111 (viii) [u]p is moderate. This implies (I5.52|l in the 
opposite direction. 

If Q is regular there exists a pre-regular set D such that Q C D. Therefore 
(|5.52|l implies l|5.53|l in the direction ==>. On the other hand, 

v{Q \ A) < 00 =>Q c ft(u) 

and Hk(Q) = MtcCQ \ ^4) < 00. Hence, by Theorem 15 .111 fix). [u]q is moderate and 
Q is regular. 

(v) Since supp| n u rcg C lZ(u) and 7£(u) C TZ(u rsg ) we have 

<S(u r J c %)ns(«). 

Next we show that S(u) \ b q (S(u)) C S(u rcg ). 

If £ G <S(u) \ b q (S(u)) then 7£(tt) U {£} is a g-open neighborhood of £. By (i) 
u re is cr-moderate and consequently (by Theorem 15.131 (i)) its trace is g-perfect. 
Therefore, if Qq is a g-open neighborhood of £ and Q = Qo H ({£} U Tt{u)) then 

(tr « r J(Q) = (tru rc3 )(Q \ {£}) - (tr«)(Q \ {£}). 

The last equality is valid because Q \ {£} C TZ(u). Let D be a g-open set such that 
£, <E D C D C Q. If trw(i) \ {£}) < 00 then, by (iv), D is regular and £ G 
contrary to our assumption. Therefore tru(Z?\{£}) = 00 so that tru reg (Q \{£}) = 
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oo for every g-open neighborhood Qo of £, which implies £ G S(u ). This completes 
the proof of Ij5.54jl . 

(vi) If £ ^ b q (S(u)), there exists a g-open neighborhood D of £ such that (D \ 
{£}) n S(u) = and consequently 

(5.57) (tvu re3 )(D \ {£}) = (tru r J(D \ S(u)) = (txu)(D \ S(u)). 
If, in addition, £ G So(u) then 

(txu)(D \S(u)) = (tru r J(D \ {£}) = oo. 

If Q is an arbitrary g-open neighborhood of £ then the same holds if D is replaced by 
QDD. Therefore (tr u re ) (Q \ {£}) = oo for any such Q. Consequently £ G S(u rcg ), 
which proves that Sq(u) \ b q (S(u)) C S(u rcg ). 

On the other hand, if £ G S(u reg ) \ b q (S(u)) then there exists a g-open neigh- 
borhood D such that l|5.57[) holds and (tr u rcg )(D) — oo. Since u rcg is er-moderate, 
(tru^) is g-perfect so that (tru rcg )(D) = (tru risg )(D \ {£}) = oo. Consequently, 
by (|5.57(l . (tiu)(D \ S(u)) = oo. If Q is any g-open neighborhood of £ then D can 
be replaced by D n Q. Consequently (tru)(Q \ 5(m)) = oo and we conclude that 
£ G Sq (u) . This completes the proof of l|5.56|l . 

□ 

Lemma 5.15. Let F <Z dVl be a q-closed set. Then S(Up) — b q (F). 
Proof. Let £ be a point on dil such that F is C 2 / gig '-thin at £. Let Q be a 
g-open neighborhood of £ such that Q C F c . Then [£7f]q = U Fn g — 0. Therefore 

£< /v';' V ). 

Conversely, assume that ( e f fl 1Z(Uf)- By Theorem 15.71 there exists a g- 
open neighborhood Q of £ such that vP — lim^o exists and is a moderate 

solution. Let D be a g-open neighborhood of £ such that D <Z Q. Then Lemma ED 
implies that is moderate so that D C 7?.(it). In turn this implies that C 2 / q , q > (Fn 
D) = and consequently F is g-thin at £. □ 

5.6. The boundary value problem. 

Notation 5.2. 

a: Denote by (dQ) the space of positive Borel measures on dVL (not nec- 
essarily bounded). 

b: Denote by £ q (dfl) the space of couples (t, F) such that F C 9f2 is g- 

closed, r G 9Jt+ (<9£1), g-suppr C 90 \ F and i~x anXF is g-locally finite. 

c: Denote by T : £ q (dQ) i— > 97t + (<9f2) the mapping given by ^ = T(r, F) 
where v is defined as in H5.42JI with S(u), lZ(u) replaced by F, F c respec- 
tively, v is the measure representation of the couple (r, F) . 

d: If (t,F) G £ q {dn) the set 

(5.58) F T = {£ G dfl : t(Q \F)=oo VQ g-open neighborhood of £ } 

is called the set of explosion points of r. 

Remark. Note that F T C F (because Tx gn ^ F is g-locally finite) and F T C <9£1 \ F 
(because r vanishes outside this set). Thus 

(5.59) F T G b q (dfl \ F) H F. 



3(5 



MOSHE MARCUS AND LAURENT VERON 



Theorem 5.16. Let v be a positive Borel measure on dfl. 

(i) The boundary value problem 

(5.60) -Au + u 9 = 0, u>0infl, tr (u) = v on 89, 
possesses a solution if and only if v £ M. q (dQ). 

(ii) Let (r, F) G £ g (dQ.) and put v := T(r, F). T/ien v S M g (<9ft) i/ and on/y i/ 

(5.61) TGM g (arj), F = b q (F)UF T . 

(iii) Let f G M g ((3f2) and denote 

£ v := {F : i? q- quasi- closed, v(E) < oo}, 

(5.62) . 

2?!/ := {D : D q-open, D ~ F /or some F G 

T/ien o solution of Ij5.6t)|l is given by u = v © E/j? where 

(5.63) G:=|jL>, F:=dn\G, v := su P {u UXe : E G 

£><, 

A^oie i/iai if E £ £ u then v\ E is a bounded Borel measure which does not charge 
sets of C21 q.qi -capacity zero. Recall that if [i is a positive measure possessing these 
properties then denotes the moderate solution with boundary trace \i. 

(iv) The solution u = v®Up is a -moderate and it is the unique solution of problem 
(|5.6U|I in the class of a-moderate solutions. Furthermore, u is the largest solution 
of the problem. 

Proof. First we prove 
(A) IfueU{Q) 

(5.64) tiu = v v G M q (dfl). 

By Theorem 15. Ill u is a- moderate and u « u Therefore 

( trM )x TC(u) = (trw„ a )x KW - 
By Theorem l5~T3l := tru reg G M q (dfl). If v is defined as in f5~H5|l then 

(5.65) v = sup{[u]q : Q g-open regular set} = u , 

where the second equality holds by definition. Indeed, by Theorem 15. 141 for every 
g-open set Q, [u]q is moderate if and only if v(Q \ A) < 00 for some set A of 
capacity zero. This means that [u]q is moderate if and only if there exists E G £ u 
such that Q ~ E. When this is the case, 

tr [u] Q = nJu)x Q = fJ-Ju)X E = VX E - 

~ q 

Thus v > u reg . On the other hand, if E G £ v , then E C lZ(u) and ^t K (u)(i?) = 
IJ, u (u)(E) < 00. Therefore, by Theorem l5.11l (ix). E is regular, i.e., there exists a 

q 

g-open regular set Q such that E C Q. Hence u 1 , Xe < [u]q and we conclude that 
v < h„ s . This proves l|5.65|l . In addition, if E f] S{u) ^ then, by Definition 15. 121 
v(E) — 00. Therefore v is outer regular with respect to g-topology. 

Next we must show that v is essentially absolutely continuous. Let Q be a 
g-open set and A a non-empty Borel subset of Q such that C 2 / q , q >{A) — 0. Either 
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v(Q \ A) = oo in which case v{Q \ A) = v{Q) or v{Q \ A) < oo. In the second case 
Q\Ac K(u) and 

v{Q \ A) = /2 K (Q \ A) = jiJQ) < oo. 

Let £ G A and let D be a g-open subset of Q such that £ c D c D C Q. Let B„ be 
a g-open neighborhood of A n -D such that C2/ q , q > (B n ) < 2~" and -B„ C I?. Then 

Md < Mb. + Mb, , E n :=D\ B n . 

Since lim[u]s n = it follows that [u]d = lim[u]E n - But 

IIM^IL.^) <Cv{E n )<Cv{Q\A). 

By assumption, v(Q \ A) < oo. Therefore p -) < oo which implies that 

D C 7Z(u). Since every point of A has a neighborhood D as above we conclude 
that A C lZ(u) and hence v{A) = (tr TC u)(^4) = 0. In conclusion z/ is essentially 
absolutely continuous and v G M q (9f2). 
Secondly we prove: 

(B) Suppose that (t,F) G satisfies l|5.61|l and put v := T(t,F). Then the 
solution u — v © Uf, with v as in (|B . . satisfies tru = v. 

By 15.64J) . </iis also implies that v G M 9 (<9r2). 

Clearly v is a cr-moderate solution. The fact that r is g-locally finite in F c and 
essentially absolutely continuous relative to C2/ q , q > implies that 

(5.66) G:=m\FcK(v), (trv)x G = T XG . 

It follows from the definition of v that F T C 5(f). Hence, by Lemma T5. 151 

(5.67) F T U b q (F) G U 5(C/ F ) C S(u) C F. 

Hence, by l|5.61|l . 5(u) = F, v = u reg and r = trw reg . Thus tr c u = (r, F) which is 
equivalent to tru = v. 
Next we show: 

(C) Suppose that (t,F) G € q (dil) and that there exists a solution u such that 
tv c u = (t,F). Then, 

(5.68) t = ti n u = tr u rcg , F = S(u). 

If U := u @ Uf then trll = tru and u <U. U is the unique a-moderate solution 
of l|5.6t)(l and (r, F) satisfies condition (15.61(1 . 

Assertion (|5.68() follows from Theorem 15.141 (i) and Definition 15.121 Since u reg 
is cr- moderate, it follows, by Theorem 15. 131 that r G M. q (dQ). 

By Theorem l5 . 1 II ( vi) . u w u . Therefore w := uQu vanishes on 1Z(u) so 

that w < Uf- Note that u — u reg < w and therefore 

(5.69) u < u reg © w < U. 

By their definitions Sq(u) — F T and by Theorem l5.14l (vi) and Lemma 15.151 

S(U) = S{u T J U S(U F ) = S(u r J U b q (F), 

( ' ' =S (u)Ub q (F)=F T Ub q (F). 

On the other hand, K(U) D K(u K ) = K(u) and, as u < U, TZ(U) G K{u). 
Hence K(U) = K(u) and S(U) = S(u). Therefore, by (|5~HH|l and JEZ0J, F = 
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S(U) = F T U b q {F). Thus (r, F) satisfies (pTMJ) and tr c U = (t,F). The fact that 
U is the maximal solution with this trace follows from (|5.69(l . 

The solution U is cr-moderate because both u n and Up are cr-moderate solu- 
tions. This fact, with respect to Uf, was proved in |16| . 

The uniqueness of the solution in the class of cr-moderate solutions follows from 
Theorem 15.131 (iv) . 

Finally we prove: 

(D) If v G Mg(dfi) then the couple (t,F) defined by 

(5.71) v := sup{u„ XE : E £ £ v }, t :=trv, F := dCl\ K{v) 
satisfies (|5.61l) . This is the unique couple in (£(<9f2) satisfying v — T(t,F). 

The solution v is cr-moderate so that r G M g (9f2). 

We claim that u :— v L/p is a solution with boundary trace tr c u = (r, F). 
Indeed u > v so that lZ(u) C lZ(v). On the other hand, since r is g-locally finite 
on lZ(v) = dfl \ F, it follows that S(u) C -F. Thus 72.(«) C 72.(u) and we conclude 
that lZ(v) = lZ(u) and F = S(u). This also implies that v = u reg . 

Finally 

S(u) = S(v) U 5(C/ F ) = F T U 
so that F satisfies (|5.61f) . 

The fact that, for v G M q (dSl), the couple (r, F) defined by (|5~7T|l is the only 
one in €(dft) satisfying v — T(r, F) follows immediately from the definition of these 
spaces. 

Statements A— D imply (i)-(iv). □ 

Remark. If v 6 M q (9f2) then G and v as defined in l|5.63|l have the following 
alternative representation: 

(5.72) v:=sup{u UXQ : Qefv}, G = |Jq = |Jf, 

(5.73) T v :— {Q : Q q-open, v{Q) < oo}. 

To verify this remark we first observe that Lemma 12.61 implies that if A is a 
q-open set then there exists an increasing sequence of g-quasi closed sets {E n } such 
that A — U^°E n . In fact, in the notation of H2.22J) . we may choose E n = F n \L 
where L = A' \ A is a set of capacity zero. 

Therefore 

|J^c|jQc|jF=:i7. 

T> v £„ 

On the other hand, if E G E v then fj, n (u)(E) — n K (u)(E) = v{E) < oo and, by 
Theorem 15 . 1 II fix) . E is regular, i.e., there exists a g-open regular set Q such that 

E C Q. Thus H = [\ Vv D. 

If D is a g-open regular set then D = UJ°F„, where {E n } is an increasing 
sequence of g-quasi closed sets. Consequently, 

u VXD = Kmu t/XBn . 

Therefore 

sup{u„ XQ : Q e V v } < snp{u VXQ : Q € T v \ < sup{w lyXjj : E G £ v }. 
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On the other hand, if E G £ v then there exists a g-open regular set Q such that 

q 

E C Q. Consequently we have equality. 

Note that, in view of this remark, Theorem 11.31 is an immediate consequence 
of Theorem 15. 161 
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